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Using the framework of Lighthill’s acoustic analogy, a theory has been developed 
for combustion-generated noise. The t,heory is used to derive the scaling laws for 
combustion-generated noise in open turbulent flames. It is shown that the scaling 
laws for both power and frequency are in good agreement with experiment. 

1. Introduction 
In a recent review of combustion-generated noise, Strahle (1973) stressed the 

need for additional theoretical and experimental efforts to explain discrepancies 
between theory and experiment. In particular, he indicated that, for open 
turbulent flames, available theory is unable to explain the exact scaling laws and 
frequency content of combustion-generated noise. Thus, by using the theory and 
non-dimensionalization procedure of Chiu & Summerfield (1973), he was able to 
predict the scaling and order of magnitude of the observed acoustic power. 
However, the same procedure resulted in a scaling law for the frequency which 
was not observed in experiment. Another feature of combustion noise which is 
not explained by theory is the fact that, for all hydrocarbon-air flames, com- 
bustion noise is a broad-band noise with a single peak in the range 300-500 Hz. 

The object of this investigation is to re-examine the theory of combustion noise 
using the framework of Lighthill’s (1952) acoustic analogy as modified by Doak 
(1972). The source term in the wave equation for the pressure is manipulated 
using appropriate thermodynamic relations and the conservation of energy and 
species equations. The resulting expression is used as a basis for deriving scaling 
laws for both acoustic power and frequency. The results of the theory are shown 
to be in good agreement with available measurements for open turbulent flames. 

2. Expression for the pressure fluctuation 
Ignoring viscous effects, Doak’s (1972) modified form of the acoustic-analogy 

equation may be expressed as 

where p is the pressure, p is the density, ui is the velocity and am is the speed of 
sound in the quiescent fluid. For a reacting gas mixture, the density may be 
expressed as P = P(% P ,  Yk), (2) 
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where s is the entropy and Y k  is the mass fraction of species k. After some rather 
lengthy manipulations it is shown in the appendix, equation (A 17), that, for a 
perfect gas with no molecular-weight change during the chemical reaction, (2) 
gives 

where a and C, are the frozen speed of sound and specific heat, respectively, 

T is the temperature, h and hk are the specific enthalpies of the mixture and 
species k, respectively, p is the chemical potential, R,, is the universal gas constant, 
and Mk and No are the molecular weights of species k and the mixture. 

Equation (3) together with the conservation of species and energy equations 
will be used to manipulate a2(p -p/a%)/at2. Thus, from (3) 

Next, (5) can be simplified by using the energy equation (Williams 1965, p. 72) 

DS 1 pk DY, 
-+-2--+o Dt T Mk Dt 

and the conservation of species equations 

pDYk/Dt = wk, (7) 

where W, is the production rate of species k. Thus (3) and (6) give 

Using (4), (7)  and (8), (5) reduces to 

+(y-l)--"pui- p au. a 1  
a2 axi axi (2) 

+*Bh,&, a2 (9) 

or 

where Pe = ~ - ~ r n - ( ~ - P r n ) / a ~  
Equation (1  0) gives 

+ higher-order terms. (1  1)  
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The ordering with respect to inverse powers of a introduced above is similar to 
that carried out by Morfey (1973). It is employed here because we are interested 
in combustion noise at  low Mach numbers. 

Introducing (1 1) into (I), the wave equation for the pressure reduces to 

-/- a2(puiui) + O(a-3) + higher-order terms. (12) 
axi axj 

Thus, the source term in (12) consists of a simple source resulting from combus- 
tion, together with a dipole term which may explain the weak directionality 
associated with combustion noise, and the usual quadrupole term. 

It is to  be noted that, if the heating in the system is carred out by external means 
such as an arc jet and not by a chemical reaction, then (6) is replaced by 

T(Ds/Dt)  = Q, (13) 

where Q is the energy added per unit mass and unit time. Because Q is related to 
the stagnation-temperature rise, (12) will contain a simple source term which 
depends on the rise in the stagnation temperature. 

Formal solution of (12) yields 

S a i l  - [ i t  -I;h,K ] 

where 7 = t-?/a,,, Y = lx-51. 

The far-field sound pressure for a compact source follows from (14) as 

477x j 

If (13) is used instead of (6), then (16) takes the form 

477x 
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3. Scaling laws 

quantities are introduced: 
As a first step in deriving appropriate scaling laws the following dimensionless 

where q is the heat released per unit mass of mixture, w is a characteristic 
production rate (Williams 1965, p. 98), I is a characteristic dimension, u is the 
mean velocity and R is a typical far-field distance. When (18) is used in (16), one 
finds 

1 -y'M3 /;r2 -((p'u'u'.)dg' 3 
x! x! 
X 1 2  

, (19) 

where h = ( y  - I) qwl/pmam, M = u/am. (20) 

Equation (19) shows that the pressure fluctuation depends on, in addition to the 
ratio of specific heats, which is essentially constant, the two dimensionless num- 
bers h and M .  Therefore, from dimensional considerations (Kline 1965, chap. I )  
one concludes that any dimensionless quantity characterizing combustion noise 
must be a function of both h and M .  Thus, if v is the characteristic frequency, then 

Y I I U  = G(h,  M ) .  (21) 

Similarly, a t  low Mach numbers, where, as is seen from (19), combustion noise is 
dominant and thus 

the far-field power output can be written as 

Ps = K ( y -  1 ) 2 q 2 ~ 2 1 e U 2 / 4 ~ p m a ~ ,  K = K(h,M).  (23) 

At higher Mach numbers other terms in (19) have to be included. In  spite of this, 
the representation indicated in (23) for the far-field power output may be 
employed. 

The choice of G and K is guided by experiment and, as is seen below, the 
expressions for the turbulent flame speed and the flame thickness. Examination 
of the measurements of Smith & Kilham (1963) and Shivashankara, Strahle & 
Handley (1973, referred to below as SSH) shows that the results of experiment 
are adequately correlated if one assumes that 

(24) 
I = (lf .D)i ,  G ( h , M )  = A(h/M) ,  

K = K ( M )  = K,(1+a,M+a2M2+ ...), 
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where D is the burner diameter, Zf is the flame thickness and A, KO a,, a2, . . . , are 
constants to be determined from experiment. The choice of the expression for 
G(h, M )  is prompted by the observation that the characteristic frequency is 
essentially the same for all hydrocarbon-air flames. Using (24), one obtains 

v = ( y  - 1)  Apw/p,, 

Ps = K ( M )  [ ( y  - 1)  qwZfDul2/4np,a5,. 

( 2 5 )  

(26) 

Equation (24) will be justified by showing that K is of order unity and that (25) 
and (26) lead t o  adequate scaling laws. 

Using the relation (Williams 1965, p. 98) 

w = Pxfltllf, (27) 

v = (7 - 1 ) AP, qS&x 1, (28) 

and Ps = K p x [ ( y -  I )  4uDXJ2/4n~5,. (29) 

where St is the turbulent flame velocity, (25) and (26) take the forms 

There are a number of relations (Williams 1965, p. 168) relating 8, to X,, the 
laminar flame velocity. These relations are, in general, not consistent and none of 
them is valid over a wide range of Reynolds numbers. This situation makes it 
difficult to derive scaling laws valid over a wide range of the parameters. Results 
based on the wrinkled-flame model show that, at low velocities, St is determined 
by S, and the turbulence intensity, while at  high turbulence intensities or high 
velocities, X, is proportional to the turbulence intensity. On the other hand, in 
the distributed-reaction model, the relation [see (27)] 

w = Wt = w1 

gives a relation between St and 8,. 

4. Discussion of the results 
We proceed now to show that K is of order unity and that (28) and (29) give 

good agreement with available experiments. Measurements of the Reynolds 
number and turbulence intensity and length scale were not reported in the 
experiments of Smith & Kilham (1963) and SSH. Thus, it is difficult to find out 
beforehand which expression for Stis to be used in conjunction with (28) and (29). 
Lacking this information, it will be assumed, for the sake of estimating K ,  that 
the numerical value of 8, is approximately that of 8, at low velocities (of the order 
of 50 ft/s) and that the expression given by Bollinger & Williams (1949)) 

S, = C,u%DtS,, C, = constant, (31) 

is adequate for estimating S, at the higher velocities. Values of 8, are taken from 
Dugger (1952). The quantity q is related to the heat of combustion H per unit 
mass of Fuel by the relation 

29 
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where f is the fuel-to-air ratio. Values of H are taken from Keenan & Kaye 
(1948, p. 95). 

Using the ethylene data shown in figure 5 of Smith & Kilham (1963) and 
assuming S, to be 63cm, H = -20276 B.Th.U./lb, p, = 1.293 x 10-3g/cm3, 
a, = 3.41 x 104cm/s and y = 1.3, one finds that 

K N 0.72 for ethylene. (33) 

Similarly, using the propylene data of Smith & Kilham with S, = 42cm/s and 
H = - 19 683 B.Th.U./lb, one obtains 

K 2: 1.4 for propylene. (34) 

Finally, using table 1 in SSH one finds for S, = 30cm/s, u = lOOft/s and 
H = - 19 929 B.Th.U./lb 

K 2: 1.3 for propane. (35) 

Because other terms in (19) become important at  the higher velocities, some 
variation of K with Mach number, such as indicated in (24), is expected. Thus, the 
data in SSH result in K N 1.9 for u = 2OOft/s and K 2: 3.1 for u = 6OOft/s. It is 
seen that the above estimates support the earlier contention that K is of order 
unity. Also, with a value of K of order unity, (29) gives a good estimate of available 
acoustic-power measurements in open turbulent premixed flames. 

As was pointed out by Strahle, a successful scaling law must predict the scaling 
of both the power output and the frequency. The characteristic frequency is 
given by ( 2 8 ) ,  or using (32) 

v = (y  - 1 )  APcofHSt/P, 1,. (36) 

Because H ,  and t o  a lesser extent S, and lf, are essentially the same for hydro- 
carbon fuels and hydrocarbon-air flames, one concludes from (36) that the 
characteristic frequency is essentially the same for hydrocarbon-air flames (SSH). 
Assuming that 1, = 0.1 em and using the data of SSH one finds that A 2: - 0.1 
( A  is negative because, by convention, His negative). As may be seen from (36), 
flames other than hydrocarbon-air flames which are characterized by different 
S, and H will have different characteristic frequencies (Knott 1971). 

Using the method of least squares, the measurements of SSH were correlated 
for lean mixtures by the expression 

(37) p - 4.89 x 10-5u2.6SD2*S4S1.35 0.41 
S -  1 f w, 

where u and S, are in ft/s and D is in ft. As was pointed out by SSH, analysis of 
errors due to the regression fit indicated a mean error of 5.7 yo with the maximum 
and minimum errors being 124% and - 5 5 %  respectively; the standard 
deviation was 37 yo. Using (29), (31) and (32), one finds 

Comparison of (38) with (37) shows that, with the exception of the dependence on 
the fuel-to-air ratio, the predictions of the theory are in good agreement with 
measurements for lean fuel mixtures. 
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Although (36) yields, for the values of A and lf given above, values of the 
characteristic frequency in the range 300-500 Hz for hydrocarbon-air flames, the 
lack of an adequate correlation for lf in terms of the flame characteristics makes it 
difficult to compare (36) with equation (7)  in SSH, i.e. 

7 (39) 

where u and S, are in ft/s and D is in ft. The mean error in (39) is 0.85 % and the 
standard deviation is 13.4 % (SSH). With S, given by (31) and l fcc D, (36) gives 

v = 1 1.83~0.19D-O.OSXO.53 -@69 Hz 
1 f  

v cc fuaD-$S,, (40) 

which does not compare well wit.h the dependance indicated in (39). 

5. Concluding remarks 
Using the framework of Lighthill’s acoustic analogy as modified by Doak, a 

theory has been presented for combustion-generated noise. It was shown that, 
at low Mach numbers, the pressure fluctuation is a resuIt of a simple source 
term resulting from combustion, together with a weak dipole term and the usual 
quadrupole term. The results of the theory were used to derive scaling laws for 
combustion-generated noise in open flames. Although the relations in (24) were 
not in any way the most general relations that could be used, the results of the 
theory provide adequate scaling laws for both power and frequency. Because the 
turbulent flame velocity plays an important role in the theory, it is expected that 
better agreement between theory and experiment could be obtained if Reynolds 
number, turbulence intensity and length scales were measured in conjunction 
with the other acoustic measurements. 

The author would like to acknowledge many helpful discussions with Professor 
T.H.Hodgson. The work was supported, in part, by the Department of 
Transportation. 

Appendix 

one can write 
From P = P(P,%Y,) 

At constant pressure and density, (A 2 )  gives 

thus (A 2) can be written as 
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The quantity (aplas),, y k  can be expressed as 

Using the equation of state 

where Ro is the universal gas constant, Mo is the molecular weight of the mixture 
and Mk is the molecular weight of species k, one finds 

P 
P , y k  *‘ 

Similarly, from the equation for the differential change of the specific enthalpy h 
(Williams 1965, p. 62) 

where ,uk is the chemical potential, one finds 

where Cp is the frozen specific heat. Thus, from (A 7) and (A 9) one obtains 

The quantity ( a s / a Y , ) , , , ,  yj is considered next. From 

as = (E) d p + ( E )  (A 11) 
aP T , Y k  P ,  y k  

one obtains 

Using (A 13), (A 12) takes the form 

+) P , Y k  (2) p , T , P j  +(”) ayk p , T , P j  . 
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However, (A 8) gives 

453 

Therefore 

and substituting (A 15) into (A 4), one finds 

If the molecular weight remains constant during the chemical reaction, then 
(A 16) reduces to 

Note added in proof. On the basis of additional measurements, Strahle & 
Shivashankara presented, a t  the Fifteenth International Symposium on Com- 
bustion (1974), new correlations to  replace (37) and (39) : 

and 

The mean error in the first correlation is 6 %  and the standard deviation is 
41 yo while the corresponding figures for the second correlation are 1 yo and 16%. 
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